Numerical unit cell models of 1-3 periodic composites made of piezoceramic unidirectional cylindrical fibers embedded in a soft non-piezoelectric matrix are developed. The unit cell is used for prediction of the effective coefficients of the periodic transversely isotropic piezoelectric cylindrical fiber composite. Special emphasis is placed on a formulation of the boundary conditions that allows the simulation of all modes of the overall deformation arising from any arbitrary combination of mechanical and electrical loading. The numerical approach is based on the finite element method and it allows extension to composites with arbitrary geometrical inclusion configurations, providing a powerful tool for fast calculation of their effective properties. For verification, the effective coefficients are evaluated for square and hexagonal arrangements of unidirectional piezoelectric cylindrical fiber composites. The results obtained from the numerical technique are compared with those obtained by means of the analytical asymptotic homogenization method for different volume fractions. Furthermore, the results are compared with other analytical and numerical methods reported in the literature.
Introduction
Piezoelectric materials have the property of converting electrical energy into mechanical energy, and vice versa. This reciprocity in the energy conversion makes piezoelectric ceramics such as PZT (lead zirconium titanate) very attractive materials for sensor and actuator applications. Even though their properties make them interesting, they are often limited, first by their weight, that can be a clear disadvantage for shape control and, as a consequence, by their high specific acoustic impedance, which reduces their acoustic matching with the external fluid domain. Bulk piezoelectric materials have several drawbacks, and hence composite materials are often a better technological solution in the case of many applications such as in ultrasonic transducers, medical imaging, sensors, actuators and damping. In recent years, composite piezoelectric materials have been developed by combining piezoceramics with passive non-piezoelectric polymers. Superior properties have been achieved with these composites by taking advantage of the most beneficial properties of each constituent and a great variety of structures have been made.
Recently, due to miniaturization of the piezocomposites and the use of PZT fibers instead of piezoelectric bars, new applications toward electromechanical sensors and actuators have become possible. In fact, fibrous composites exhibit good behavior and they are typically loaded within the linear regime for such applications. It is of interest to know the overall coupled electromechanical behavior and the local fields in the constituent phases, as well as the response under complex loading conditions. Different homogenization techniques are used in order to describe the behavior of piezocomposites.
The micromechanical method provides the overall behavior of the piezoelectric fiber composites from known properties of their constituents (fiber and matrix) through an analysis of a periodic representative volume element (RVE) or a unit cell model. In the macromechanical approach the heterogeneous structure of the composite is replaced by a homogeneous medium with anisotropic properties. The advantage of the micromechanical approach is not only obtaining the global properties of the composites but also that various mechanisms such as damage initiation and propagation can be studied through the analysis. Different methods have been developed for predicting and for simulating the linear coupled piezoelectric and mechanical behaviors of composites. Basic analytical approaches have been reported (e.g. [1, 2] ), which are not capable of predicting the response to general loading, i.e. they do not give the full set of the overall moduli. Semianalytical and Hashin/Shtrikman-type bounds for describing the complete overall behavior (i.e. all elements of the material tensors) have been developed [3] which are useful tools for theoretical considerations. However, the range between the bounds can be very wide for certain overall (i.e. bulk) moduli. Mechanical mean field-type methods have been extended to include electroelastic effects [4] [5] [6] [7] based on an Eshelby-type solution for a single inclusion in an infinite matrix [8, 9] . Such mean field-type methods are capable of predicting the entire behavior under arbitrary loads. However, they use averaged representations of the electric and mechanical field within the constituents of the composite, i.e. they do not account for the local fluctuations of the field quantities. This restriction can be overcome by employing periodic microfield approaches (commonly referred to as unit cell models) where the fields are typically solved numerically with high resolution, e.g. by the finite element method [10] . In such models the representative unit cell and the boundary conditions are designed to capture a few special load cases, which are connected to specific deformation patterns (e.g. [11] [12] [13] [14] ). This allows the prediction of only a few key material parameters; for example, only normal loads can be applied consistently using symmetric boundary conditions. Another different method, which can handle arbitrary loading scenarios, is the so-called asymptotic homogenization approach [15, 16] . The local problems are considered and the effective elastic, piezoelectric and dielectric moduli are explicitly determined analytically. Using the finite element method, in [17] the unit cell of the material is meshed and by applying specific boundary conditions, two piezoelectric coefficients are determined.
To the authors' knowledge, several publications related to unit cell models, which capture the entire behavior of the composite, have recently appeared [18] [19] [20] [21] [22] [23] [24] [25] . The aim of the present paper is to predict the full set of material moduli for local fluctuations of the fields, i.e. to determine the complete tensors associated with the overall elastic, dielectric and piezoelectric behavior. This means that the linear response to any mechanical and electrical load, or any combination of these, will be determined. The finite element method (FEM) tool has been extensively used in the literature to analyze a periodic unit cell, for determining the effective properties of piezoelectric fiber composites. Here, the FEM based micromechanical analysis method is applied to unidirectional periodic piezoelectric cylindrical fiber composites subjected to different loading conditions with different boundary conditions to predict the effective coefficients of transversely isotropic piezoelectric cylindrical fiber (1-3 periodic) composites. The unit cell concept developed is directed to producing a general procedure for evaluation of the effective properties of composites with complex geometrical reinforcements. For the verification of the algorithm, different unit cells for square and hexagonal arrangements of the fibers were considered.
The paper has been organized in the following sections. In section 2, some basic concepts are presented. Section 3 is devoted to the explanation of the methods applied. In section 4, an explanation of the periodic boundary conditions in the unit cell and the finite element models is given. In section 5 a detailed explanation of the boundary conditions for the evaluation of effective coefficients is reported. Section 6 relates to some examples and comparisons with other methods. Conclusions are given in section 7.
Piezoelectricity and piezoelectric composites
Coupled piezoelectric problems are those in which an electric potential gradient causes deformation (converse piezoelectric effect), while stress causes an electric potential gradient in the material (direct piezoelectric effect). The coupling between mechanical and electric fields is characterized by piezoelectric coefficients. This paper considers piezoelectric materials that respond linearly to changes in the electric field, electric displacement, or mechanical stress and strain. These assumptions are compatible with the piezoelectric ceramics, polymers and composites in current use [26] . Therefore, the behavior of the piezoelectric medium is described by the following piezoelectric constitutive equations, which correlate stresses, strains S, electric fields E, and electrical displacements D as follows (the superscript t = transpose):
where C is the elasticity matrix, ε is the permittivity matrix and e is the piezoelectric strain coupling matrix. For a transversely isotropic piezoelectric solid, the stiffness matrix, the piezoelectric matrix and the dielectric matrix simplify so there remain in all 11 independent coefficients. In the case of aligned fibers made of a transversely isotropic piezoelectric solid (PZT), embedded in an isotropic polymer matrix, the resulting composite is a transversely isotropic piezoelectric material (crystal class 6mm) for a hexagonal array and tetragonal (crystal class 4mm) for a square array. Consequently, the constitutive equation (1) for the composite can be written as 
in both cases except that C 
Unit cell models for numerical and analytical homogenization methods
In general the object of study is regarded as a largescale/macroscopic structure. The common approach for modeling the macroscopic properties of 3D piezoelectric fiber composites creating a unit cell, also called a representative volume element (RVE), which captures the major features of the underlying microstructure. The mechanical and physical properties of the constituent material are always regarded as a small-scale/microscopic structure. One of the most powerful tools for speeding up the modeling process, both for the composite discretization and the computer simulation of composites in realistic conditions, is the homogenization method. The main idea of the method is finding a globally homogeneous medium equivalent to the original composite, where the strain energies stored in the two systems are approximately the same.
Different analytical homogenization techniques have been developed in order to predict the effective properties of piezoelectric composites. For example, unidirectional piezoelectric fiber composites can be analyzed by using the asymptotic homogenization method (AHM). In [27, 28] the elastic effective coefficients for square and hexagonal arrangements of fibers in the composite were calculated. Later, in [29, 30] the piezoelectric effective coefficients for square and hexagonal arrangements were computed. This analytical method is also based on unit cell models and circular cylindrical inclusions; other periodic arrays like rectangular ones also yield closed-form analytical expressions. For shapes other than circular or square it is necessary to resort to numerical methods (e.g. FEM) like the one developed here for calculating the effective properties of composites. But it has restrictions owing to the geometry of the inclusions and their distributions. In order to overcome these difficulties, numerical methods (e.g. FEM techniques) have been developed for evaluating the effective coefficients of composites. In order to compare our numerical method with analytical approaches we evaluate the effective properties for composites with periodic square (figure 1) and periodic hexagonal (figure 2) piezoelectric fiber arrangements.
(1-3) periodic structures with perfectly bonded continuous cylindrical fibers, which are aligned and poled along the x 3 axis (see figures 1 and 2) are considered. They are of infinite lengths in all three directions. It is assumed that the material properties are the same in the first two directions (i.e. along x 1 and x 2 axes). By means of symmetry, such a regular piezoelectric fiber composite may be considered using a unit cell or representative volume element [34, 35] . A unit cell is the smallest part that contains sufficient information on the above-mentioned geometrical and material parameters at the microscopic level to allow one to deduce the effective properties of the composite.
For square arrangements of fibers the unit cell has a square geometry (figure 1). In order to provide the periodicity for hexagonal arrangements the unit cell has rectangular geometry like that shown in figure 2. Other geometrical forms are also available for hexagonal arrangements, but only the rectangular cell shown enables all the necessary periodic boundary conditions to be easily described in a Cartesian coordinate system. Other available geometries of the unit cell are mentioned in section 5.
Numerical model

Periodic boundary conditions for the unit cell
Composite materials can be represented as a periodical array of unit cells. Therefore, periodic boundary conditions must be applied to the unit cell models. This implies that each unit cell in the composite has the same deformation mode and there is no separation or overlap between the neighboring unit cells after deformation. These periodic boundary conditions on the unit cell surfaces described in Cartesian coordinates are given in [15, 19] :
In the above equation (3)S i j are the average strains; v i is the periodic part of the displacement components (local fluctuation) on the boundary surfaces, which is generally unknown and is dependent on the applied global loads. A more explicit form of the periodic boundary conditions, suitable for unit cell models, can be derived from the above general expression. For the unit cell shown in figures 1 and 2, the displacements on the opposite boundary surfaces (with their normal along the x j axis) are
where the index 'K + ' means along the positive x j direction and 'K − ' means along the negative x j direction on the corresponding surfaces A − / A + , B − /B + and C − /C + (see figure 3 ). The local fluctuations v
around the average macroscopic value are identical on two opposing faces due to periodic conditions of the unit cell. So, the difference between the above two equations is the applied macroscopic strain condition:
Similarly the periodic boundary conditions for the electric potential are given by the applied macroscopic electric field condition:
It is assumed that the average mechanical and electrical properties of a unit cell are equal to the average properties of the particular composite. The average stresses and strains in a unit cell are defined bȳ
where V is the volume of the periodic unit cell. Analogously the average electric fields and electrical displacements are defined byĒ
Finite element models
All finite element calculations were made with the FE package ANSYS. Three-dimensional multi-field eight-node brick elements with displacement degrees of freedom (DOF) and an additional electric potential (voltage) degree of freedom were used. These allow for fully coupled electromechanical analyses. To obtain homogenized effective properties we apply the periodic boundary conditions (equations (6) and (7)) on the unit cell by coupling opposite nodes on the opposite boundary surfaces. In order to apply these periodic boundary conditions in the FE analysis, the meshes on the opposite boundary surfaces must be the same. For each pair of displacement components at the two corresponding nodes with identical inplane coordinates on the two opposite boundary surfaces, a constraint equation (periodic boundary condition equation (6) or (7) is imposed. As an example, figure 4 shows the constraint equations for a pair of nodes on the opposite surfaces A − and A + . But applying these constraint equations to all opposite nodes on the opposite boundary surfaces interactively in ANSYS is a very time-consuming task because of the great number of coupled nodes. So we automated this process by using the ANSYS Parametric Design Language (APDL) to generate all required constraint equations. Furthermore, we used APDL for the evaluation of the average strains and stresses needed and finally the effective coefficients can be evaluated using the formulae shown in the last column of table 1.
The APDL scripts developed, in combination with ANSYS batch processing, provide a powerful tool for fast calculation of homogenized material properties of the composites with a great variety of inclusion geometries.
The unit cell size can be chosen to have unit length because only the volume fraction and the distribution of the fibers have an influence on the numerical prediction of the effective coefficients and not the absolute size. To get sufficiently accurate results the mesh density should be chosen in such a way that the average element size in the x 1 -x 2 plane is approximately 5% of the unit cell width. In the x 3 direction the unit cells need only one element because the properties are independent of this direction due to the assumed infinite fiber length.
Boundary conditions for evaluation of the different effective coefficients
For the evaluation of the effective coefficients the boundary conditions have to be applied to the unit cell in such a way that, apart from one component of the strain/electric field vector in equation (2), all other components can be made equal to zero. Then each effective coefficient can be easily determined by multiplying the corresponding row of the material matrix by the strain/electric field vector.
This can be achieved by applying the appropriate boundary conditions and constraint equations to the different surfaces of the unit cell. Table 1 gives the appropriate boundary conditions that allow us to calculate all effective coefficients. Furthermore, a column in table 1 denotes the final formula extracted from equation (2) . In the table the following notation is used to explain the different configurations of applied boundary conditions: 0 denotes a prescribed zero displacement or electric potential; -denotes a non-prescribed electric potential;ũ i denotes a non-zero prescribed displacement for the component u i ; denotes a non-zero prescribed electric potential ; (ũ i ) denotes a constraint of coupling with the opposite surface for displacement component u i as shown in figure 4 .
As an example of the application of the algorithm, the one leading to the calculation of the effective coefficients C eff 13 and C eff 33 is shown. The boundary conditions have to be applied to the unit cell in such a way that, except the strain in the x 3 direction (S 33 ), all other mechanical strains and the electric field (Ē i ) become zero. This can be achieved by constraining the normal displacements on all the surfaces to be equal to zero except for those on the surface C + (see figure 3 ). The periodic boundary conditions (equation (6) 
Since this equation is now independent of u C − 3 , instead of using the constraint equations, an arbitrary constant prescribed displacement (unit displacement is used) can be applied on the surface C + to produce a strain in the x 3 direction. In order to make the electric fieldĒ 3 zero, the voltage degree of freedom on surfaces C − /C + is set to zero. For the calculation of the total average valuesS 33 ,T 11 andT 33 according to equations (8) and (9), the integral was replaced by a sum over averaged element values multiplied by the respective element volume. Using these total average values the coefficients C eff 13 and C eff 33 can be calculated from the matrix equation (2) . Due to the strains and electric fields being zero, exceptS 33 , the first row becomesT 11 = C eff 13S 33 . Then C eff 13 can be calculated as the ratioT 11 /S 33 . Similarly C eff 33 can be evaluated as the ratioT 33 /S 33 from the third row of matrix equation (2) .
Analogously all other coefficients, whose formulae are based on the average normal strain, can be evaluated using table 1.
Special attention must be paid to the coefficients which are based on the averaged shear strains, i.e. C Considering the boundary conditions listed in table 1 it can be seen that only six calculations are necessary to get all 11 effective coefficients. Table 2 shows the groups according to the six calculations. 
Results and discussion
For the verification of the algorithm we consider a piezoceramic (PZT) fiber embedded in a soft non-piezoelectric material (epoxy). The material properties of the epoxy and PZT-7A were taken from [22] and are given in table 3. The elastic properties, piezoelectric constants and permittivity are given in GPa, C m −2 , nC V −1 m −1 , respectively.
All coefficients were calculated for the volume fraction of fibers in a range between 0.1 and 0.7 in steps of 0.1. The elastic coefficients relate to constant electric field and the dielectric parameters are referred to constant strain.
A comparison between the FEM using unit cells shown in figures 1 and 2 and analytical formulae reported in [29, 30, 32] using the AHM is displayed in figure 5 .
In the first graph plane the bulk modulus k eff is shown, calculated from k eff = (C The values calculated using the AHM are lower then those determined using the FEM. To get more evidence for the validity of our results we compared them with numerical results reported by Pettermann et al [22] (for 60% volume fraction), analytical solutions given by Levin [31] and Hashin/Shtrikman bounds [33] . For this comparison we converted the calculated coefficients to the coefficients reported in [22] , which are based on the constitutive equations for constant electric displacement (see table 4 ).
The transformation formulae used in the table are the following: 
Numerical predictions using different unit cells show a good agreement with numerical and analytical methods. Although the unit cell models used in the FEM and the AHM consider the periodicity of the fiber arrangements, the results for the hexagonal array are close to the assumed random distribution of the fibers in the self-consistent scheme (SCS) reported in [31] . Furthermore, the universal relation of Schulgasser [36] was checked for FEM-SQU and FEM-HEX and it was satisfied with an error less than 6%. The relation C 
Conclusion
A numerical model for predicting the homogenized properties of piezoelectric fiber composites has been presented. It relies upon the finite element program ANSYS. Longitudinal and transverse elastic and piezoelectric effective coefficients have been computed for square and hexagonal unit cells with the numerical model and compared with analytical methods. This enables us to point out the range of validity of each approach and to quantify the influence of microstructural parameters such as the volume fraction on the effective coefficients. In the case of 1-3 periodic composites with a non-piezoelectric polymer matrix and piezoelectric ceramic (PZT) fibers, the estimates are highly dependent on the fiber volume fraction. Unit cell methods based on the FE and analytical methods both have advantages and disadvantages. The analytical approach is able to model statistical distributions and consumes less computing time than the FE analysis. FE analysis, in contrast, is appropriate for estimating the effective properties of composites with a given periodic fiber distribution and more complicated geometry. Also they allow more complex boundary conditions. A generalized procedure has been developed for calculating all effective coefficients for all volume fractions on the basis of the ANSYS Parametric Design Language. This reduces the manual work and time and can be used as a template for evaluating the effective coefficients of piezoelectric fiber composites with an arbitrary arrangement of fibers. 
